Abstract. An RA loop is a loop whose loop rings, in characteristic different from 2, are alternative but not associative. In this paper, we show that every finite subloop H of normalized units in the integral loop ring of an RA loop L is isomorphic to a subloop of L. Moreover, we show that there exist units γ i in the rational loop algebra QL such that γ
Introduction
Let ZG denote the group ring of a finite group G over the integers. In this ring, elements of the form ±g, g ∈ G, are torsion units, but there are usually many others as well. For instance, if g ∈ G and γ is a unit in the rational group algebra QG such that α = γ −1 gγ ∈ ZG, then certainly ±α are torsion units in ZG. In the mid 1960's, H. J. Zassenhaus suggested that all torsion units in ZG arise in precisely this way. Furthermore, he surmised that any finite subgroup of normalized units in ZG (a unit is normalized if the sum of its coefficients is 1) was isomorphic to a subgroup of G, the isomorphism being conjugation by a unit in QG. These conjectures have been established for various kinds of groups, although they remain open in general.
In an earlier work, the authors established a variation of one of the conjectures of Zassenhaus for alternative loop rings which are not associative [6] . Were this theorem to hold without the caveat of nonassociativity, it would, of course, reduce immediately to the first of the conjectures of Zassenhaus described above. In this paper, we prove a theorem about nonassociative alternative loop rings which, if true for group rings, would imply the second of the Zassenhaus conjectures previously mentioned. Our aim is to prove 
RA Loops and their loop rings
An RA loop is a loop L whose loop ring RL over any ring of characteristic different from 2 is an alternative ring. The following theorem is the basis behind the theory of alternative loop rings [3] .
Theorem 2.1. A loop L is RA if and only if (i) L = G ∪ Gu is the disjoint union of a nonabelian group G and a single coset
Gu; (ii) G has a unique nonidentity commutator, s, which is necessarily central and of order 2;
The loop described in this theorem is denoted M (G, * , u). It is a Moufang loop and therefore has the property that any two elements generate a group. More generally, if three elements associate in some order, they also generate a group. Thus, to say that three elements of a Moufang loop "associate" is unambiguous: if they associate in one particular order, they associate in all orders. The monograph by R. H. Bruck [2] has been the traditional reference for loop theory. For another introduction to the subject, we draw attention to the more recent book by H. Pflugfelder [11] .
Let g, h, k be elements of a loop. In this paper, we shall denote the commutator of g and h by (g, h) and the associator of g, h and k by (g, h, k). These are defined by the equations
As usual, L will be the subloop of L generated by the commutators. The centre of a group or ring X will be denoted Z(X). When X is not associative, Z(X) is the set of elements which commute with all other elements of X and associate with all other pairs of elements of X. RA loops have a number of special properties. Those of particular relevance in this paper are recorded in the next theorem. (See [3] and [4] 
The unique nonidentity commutator, s, is also a unique nonidentity associator; thus, for every
(This has been termed the "LC" property in other papers on alternative loop rings and RA loops.)
We shall have reason to appeal to the following additional fact about RA loops. 
using centrality of ax and ay. Thus a −1 and hence a are central. So in every case, a ∈ Z(L) as asserted.
Let R be any commutative and associative ring with 1 and of characteristic different from 2. Since the elements of L = M (G, * , u) are those of G ∪ Gu, it is easy to see that any α = α in the loop ring RL can be expressed in the form α = x + yu, where x and y are in the group ring RG. Using this representation, multiplication in RL takes the form
where x, y, z, w ∈ RG. The involution on G extends first to L by setting (gu) * = s(gu) and then to RL by
The centre of an alternative loop ring RL is
* is central for all α ∈ RL, and g * = g for g ∈ L if and only if g ∈ Z(L). The group or loop of units (invertible elements) in a ring S is denoted U(S) while T U(S) is the group or loop of torsion units in S (those units which have finite order). By U 1 (RL) and T U 1 (RL) we mean the normalized units and normalized torsion units, respectively, of the loop ring RL. These are the units whose augmentation is 1, where, for α = α , the augmentation of α is (α) = α . The augmention map is a ring homomorphism. Also, the elements of L have augmentation 1. Thus, if we hope to prove a relation such as
for units γ i and a subloop H, then it is clear that we will have to restrict our attention to subloops H of normalized units.
The following proposition and its proof involve straightforward translations from an analogous proposition and its proof for group rings. Since the proof is short, we include it here.
Proposition 2.4. Any finite set of normalized units in ZL which forms a loop is linearly independent over Z.
, with a i ∈ Z and γ i ∈ T U 1 (ZL), then we can write
1 γ i is a torsion unit and different from the identity element, hence, when it is expressed as a linear combination of loop elements, the coefficient of the identity is 0 [6, Proposition 2.1]. So, comparing coefficients of 1 on each side of (2.2), we obtain a 1 = 0. Similarly, all a i = 0.
A composition algebra is an algebra A with 1 over a field F on which there is a multiplicative nondegenerate quadratic form q : A → F . By multiplicative, we mean that q(xy) = q(x)q(y) for all x, y ∈ A. If U is any subspace of A, the subspace U ⊥ is defined by is an isomorphism, it is immediate that σ(x + y 1 ) = σ(x) + σ(y) 2 extends σ to an automorphism of A. The result now follows since any automorphism of a composition algebra is inner [9] . Proof. For any α ∈ Z(B) and b ∈ B, we have n(αb) = (αb)(b
* + yx * , the form associated with n is bilinear; thus n is quadratic. That n is multiplicative follows from centrality of bb * for any b ∈ F L. To prove nondegeneracy, we follow standard arguments. Replacing x by x + z in the identity n(xy) = n(x)n(y) gives
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use where f is the bilinear form associated with n, and so f(xy, zy) = f(x, z)n(y). Then replacing y by y + w gives
With w ∈ B ∩ B ⊥ , x = 1 and y, z ∈ B, we get f(y, zw) = 0. So B ∩ B ⊥ is a left ideal of B. Similarly it is a right ideal. Since
Suppose L is a finite loop and F is a field of characteristic relatively prime to the order of L. Even in this most general situation, the loop algebra F L is known to be the direct sum of simple algebras [1, Theorem 7A]; certainly then, the loop algebra of an RA loop is the direct sum of simple subalgebras.
Corollary 2.7. Any simple component of the loop algebra of an RA loop L over a field of characteristic relatively prime to |L| is a composition algebra with respect to the quadratic form n(α)
Proof. If A is such a simple component, then both A and A * are ideals of F L, so A ∩ A * is an ideal of A which is not zero (it contains 1 A , the identity of A). So A * = A and the result follows from the proposition.
Theorem 2.8. The loop algebra of a finite RA loop L over a field F of characteristic relatively prime to |L| is the direct sum of fields and Cayley-Dickson algebras. If L = {1, s} and π denotes the projection of F L onto a simple component A of F L, then A is a field if and only if π(s) = 1 A , the identity of A, and a Cayley-Dickson algebra if and only if π(s)
Proof. In what follows, it is important to remember that char F relatively prime to |L| implies, in particular, that char F = 2 since |L| is divisible by 2. (Actually, L is the direct product of a 2-loop and an abelian group (which could be trivial)
Since (g, h) ∈ {1, s} for any g, h ∈ L, it follows that A is commutative and hence a field if π(s) = +1 A . On the other hand, suppose π(s) = −1 A and let g, h ∈ L be elements which do not commute. 
Proof. Most of this theorem is in fact contained in previous papers by the authors; the opening statement and part (i) in [5] and part (ii) in [6] . In an alternative algebra, the subalgebra generated by any pair of elements is associative; thus, as with associative algebras, (γ −1 αγ) n = α n . Now part (iii) follows immediately since squares of elements in an RA loop are central. Proof. Since H is not commutative, s ∈ H by the previous corollary. Now if α ∈ H is central, then it is trivial [7, Theorem 6] , and α * = α ∈ H. If α ∈ H is not central, then it has no central elements in its support [6, Corollary 2.2], so α
We now turn our attention to the proof of our main theorem. Now suppose that H is not an abelian group. We wish to show the existence of
In fact, we shall show that there exist units γ i ∈ QL such that, for all α ∈ H,
Expressing QL as the sum of fields and Cayley-Dickson algebras, it is sufficient to show that in each simple component of QL, there exist units such that (3.1) is valid (in that component). Since the elements of H and their corresponding images through ρ have common conjugates in QL, it follows that they have equal images in the commutative components of QL, so we need only to consider the components which are Cayley-Dickson algebras. Let A be such a simple component and π : QL → A the natural projection. There remain two cases to consider, according to whether or not H is associative.
Suppose H is a nonabelian group. Then L 0 = ρ(H) is a nonabelian group contained in L. Let x and y be noncommuting elements of L 0 and let u be an element of L such that (x, y, u) = 1. Let G be the group generated by x, y and Z(L). Thus L = M (G, * , u). Let B be the subalgebra of QL generated by x and y. Since xy = yx, π(x)π(y) = π(y)π(x) (Corollary 2.9), so π(B) is an associative subalgebra of A which is not commutative. Recalling that A is a composition algebra with respect to the quadratic form n : a → aa * , we claim that π(u) ∈ π(B) ⊥ . For this, let b ∈ B (hence b ∈ QG) and let f be the bilinear form associated with n. Note that
for any x, y ∈ QL. Using the multiplication rule (2.1) and noting that u
Next, let x, y, u be preimages under ρ of x, y, u respectively and let B be the subalgebra of QL generated by x and y. (We now find it convenient to use instead of ρ −1 .) Then x, y, u ∈ H and π( B) is an associative, but not commutative, subalgebra of A. Since the elements of H are linearly independent over Z, they are linearly independent over Q, and we can identify the subalgebra H of QL generated by H with QH. In this way, we see that the isomorphism ρ : H → L 0 extends to a ring isomorphism H → QL 0 which restricts to a ring isomorphism B → B and induces a ring isomorphism π( B) → π(B).
Since x is a noncentral torsion unit, it has no central elements in its support [6] . Thus x * = s x and, similarly, y * = s y and u * = s u. We claim that π( u) ∈ π( B) ⊥ . [9] , is the product of reflections; that is, maps of the form x → γ −1 xγ. Finally, we consider the case that H is a nonassociative finite subloop of T U 1 (ZL). Since H is not associative, neither is L 0 = ρ(H). Let x, y, u be three elements of L 0 which do not associate and x, y, u their preimages in H. By Corollary 2.9, π( x), π( y), π( u) do not associate, so they generate a nonassociative subalgebra of the Cayley-Dickson algebra. Since a Cayley-Dickson algebra has no proper subalgebras which are not associative, π(H) generates A. Similarly, π(L 0 ) generates A. The map ρ : H → L 0 induces an isomorphism π(H) → π(L 0 ) ; that is, an automorphism of A, which is necessarily inner, the product of reflections. The result follows.
